This paper discusses tension-compression asymmetry properties of Ogden hyperelastic formulations. It is shown that if all negative or all positive Ogden coefficients are used, tensioncompression asymmetry occurs the degree of which cannot be separately controlled from the degree of non-linearity. A simple hybrid form is therefore proposed providing separate control over the tension-compression asymmetry. It is demonstrated how this form relates to a newly introduced generalised strain tensor class which encompasses both the tension-compression asymmetric SethHill strain class and the tension-compression symmetric Bažant strain class. If the control parameter is set to = 0.5 a tension-compression symmetric form involving Bažant strains is obtained with the property ( 1 , 2 , 3 ) = ( 
Introduction
Realistic constitutive modelling for biological soft tissue is relevant to research areas such as impact biomechanics [1] [2] [3] , rehabilitation engineering [4] [5] [6] [7] , tissue engineering 8 , gait analysis 9 , surgical simulation [10] [11] [12] , and modelling of soft tissue drug transport 13, 14 . Many biological materials present with significantly different behaviour for tensile or compressive loading (e.g. muscle tissue 15 , cervical tissue 16 , bone 17 , intervertebral disk 18 , and cartilage 19 ). This is known as tension-compression asymmetry. Further, biological materials are also non-linear elastic, and often anisotropic due to the presence of fibrous connective tissue structures. Anisotropy can be modelled by combining an isotropic ground matrix with fibrous reinforcement. Through adjustment of material parameters current hyperelastic constitutive formulations offer control over the dominance of either the ground-matrix or the fibrous components, as well as the degree of non-linearity in their response.
Tension-compression asymmetry can be present in the behaviour of isotropic formulations, and therefore ground-matrix formulations, as well as in fibrous reinforcement components. However, in many formulations the constitutive parameters dictating the degree of non-linearity also affect the degree of tension-compression asymmetry. As such the source and degree of tension-compression asymmetry is often not specifically controlled in the constitutive formulation. This study presents constitutive formulations, based on Ogden hyperelasticity, for isotropic materials, such as groundmatrices, offering separate control over the degree of non-linearity and tension-compression asymmetry. Such formulations may aid in the identification of the role played by either the ground matrix, or the fibrous reinforcing structures, in generating tension-compression asymmetry.
According to the representation theorems in non-linear continuum mechanics (see also [20] [21] [22] ) for isotropic materials the strain energy density function defining constitutive behaviour for finite elasticity can be formulated in terms of principal invariants { 1 , 2 , 3 } or principal stretches { 1 , 2 , 3 } such that ( 1 , 2 , 3 ) = ( 1 , 2 , 3 ). Several successful formulations have been proposed for incompressible rubber-like materials (see also 23 ). A general first order expression for incompressible materials in terms of principal invariants is given by the so called Mooney-Rivlin hyperelastic model (Mooney 1940 24 and Rivlin 1948 25,26 ) often presented as:
( 1 ( ), 2 ( )) = 1 ( 1 ( ) − 3) + 2 ( 2 ( ) − 3)
1
For incompressible materials, = det( ) = 1 and therefore 2 ( ) = 1 ( −1 ), allowing the MooneyRivlin form to be rewritten in terms of principal stretches as: Ogden 1972 27,28 also removed the symmetry constraint, and, since stretches are naturally positive quantities, dropped the requirement for integer and even-powers leading to the highly flexible form:
With ∈ ℝ, and ( ) ∈ ℝ >0
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The Ogden hyperelastic formulation has been employed to a great extent for incompressible rubberlike materials 29, 30 and has recently been shown to agree with the statistical theory of microscopic fibre networks 31 . Typically for rubber-like materials parameter fitting of the Ogden form involves 3-4 terms, whereby 1 term involves negative and 2-3 terms involve positive values (see also [30] [31] [32] As an application of the proposed formulation, the non-linear elastic and transversely isotropic behaviour of skeletal muscle tissue in compression was modelled.
Generalised strain tensors
This section highlights deformation metrics treated in the paper and reviews generalised strain tensor sets.
The right-Cauchy-Green tensor is given by:
With the deformation gradient tensor and the right stretch tensor. The eigenvalues or principal components of are = 2 (with = 1, 2, 3), i.e. the squared principal stretches.
A general class of finite (Lagrangian) strain tensors is given by:
This class of strain tensors is sometimes referred to as the Seth-Hill (Seth 1961 35 and Hill 1968 36 ), or the Doyle-Ericksen 38 class. For instance for = 0 , = 1, and = 2 one obtains the Hencky, Biot and Green-Lagrange strain tensors respectively. If ≠ 0 the principal components of ( ) are:
, and the first invariant of ( ) has the form:
Although widely used, these strain measures exhibit some finite limits for extreme tension and compression which may not be desirable analytically. For instance for > 0 we have the properties: 
The principal components of ( ) are:
Therefore, the first invariant of ( ) has the form:
The class ( ) offers the properties:
These properties are shared with the Hencky strain and indeed Bažant 1998 37 shows these measures allow approximation of the Hencky strain tensor. In addition, the Bažant strains have the following symmetry property for tension and compression:
16 Figure 1 illustrates the properties of several common strain measures, Seth-Hill strains, as well as a Bažant strain measure (2) (similar to 40 ).
For uncoupled formulations, deviatoric deformation measures are required. These can be derived using the volume ratio = det ( ):
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Leading to the deviatoric generalised strains:
Ogden hyperelasticity in relation to invariants and generalised strains
Ogden 1972 27,28 (see also 22 ) presented the strain energy density function presented in equation 5.
The Cauchy stress for such a strain energy density function is given by 20 :
The indeterminate variable ̅ is part of the hydrostatic pressure and functions as a Lagrange multiplier of the incompressibility constraint. It is determined from the boundary conditions rather than a constitutive equation. The total hydrostatic pressure can be identified as: In some cases, the strain energy density is instead written as = ( 1 , 2 , 3 ) − ̅ ( − 1) highlighting the role of ̅ , however for constrained formulations it is here implied by the constraints in the entropy inequality rather than defined in the constitutive form.
Some Ogden implementations use 2 (e.g. 41 ) instead of leading to:
With ∈ ℝ, and ∈ ℝ >0
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The latter forms the focus of this paper and has been implemented in the open source finite element 22, 27, 28 ):
The above is for the incompressible and constrained Ogden forms. An unconstrained or coupled variant of the form in equation 21 is given by (see also 22 ):
With ∈ ℝ, and , ′ ∈ ℝ >0
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Here ′ is a material parameter similar to a bulk-modulus.
When dealing with nearly incompressible materials, it is convenient, for numerical implementation, to uncouple the strain energy density function into its isochoric (deviatoric) and volumetric parts denoted iso (̃1,̃2,̃3) and vol ( ) respectively, leading to = iso (̃1,̃2,̃3) + vol ( ). An uncoupled variant of equation 21 is:
With ∈ ℝ, and , ∈ ℝ >0
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(various forms of vol ( ) have been proposed, the presented form is implemented in FEBio 42 ). In the above, the material parameter represents the bulk modulus.
Tension-Compression behaviour in Ogden hyperelasticity
From the preceding section it has become clear that the constrained, unconstrained and uncoupled
Ogden formulations can all be expressed as functions of Seth-Hill generalised strains (and the volume ratio ). This section will focus on tension-compression symmetry or asymmetry in Ogden hyperelasticity. The constrained formulation will be used to guide the discussion; however the arguments can be extended to the unconstrained and uncoupled formulations as well.
The principal Cauchy stresses for the constrained and incompressible Ogden form (equation 21) become:
In the reference state = 1 and we require = 0 leading to:
If only negative or only positive values are employed, ̅ and ̅ are therefore non-zero in the reference configuration.
As discussed in section 2, negative or positive values cause the Seth-Hill measures to be most sensitive to compression or tension respectively. Since the Ogden formulations involve SethHill measures this behaviour is also reflected in the constitutive law. Figure 2 illustrates the behaviour for uniaxial loading in the 1-direction with the conditions:
The solid blue and red curves in Figure 2 show the typical behaviour when only negative or only positive values are employed, respectively. It can be seen that the former is most sensitive to compression while the latter is most sensitive to tension. The curves are plotted for = 1, however the asymmetry property is maintained for > 1 if only negative or only positive values are employed. The other curves are for the proposed hybrid formulation which will be discussed in chapter 5.
First of all it is clear that for all formulations the following basic requirements are fulfilled:
However, a delayed (with respect to stretch) onset in the tension or compression regime is observed for formulations employing only negative or only positive values respectively. This is due to the nature of the "resistive processes" implied by either type of choice of value. These resistive processes in relation to values are schematically illustrated in Figure 3 as springs, and will now be discussed in more detail.
If all > 0 we see:
If all > 0 then for compression with 1 < 1 the stress contribution ̅ 1 is either zero or of a tensile nature. For the example of uniaxial loading (e.g. red curve in Figure 2 ) a negative decreasing stress does appropriately develop in compression due to 1 , but only due to the dominance of the effect of the Lagrangian multiplier ̅ which grows monotonically due to the tensile processes in 2 = 3 = 1 − 1 2 > 1. Therefore, if all > 0, the entire model behaviour, whether in tension or compression, is dictated by direct or induced tensile processes. In Figure 3 these tensile contributions are highlighted as red springs.
The situation is reversed for the case of all < 0 where we observe: In that case what is here termed "compressive resistive processes" is sometimes referred to in the literature as a resistance relatable to "tube-like constraints" (e.g. 31 ) or area changes.
The proposed formulation with control of asymmetry
The previous section demonstrated that formulations with equal signs for all exhibit a tensioncompression asymmetry since the increase of stresses is stalled in one of the loading domains with respect to the other. These formulations are by no means invalid. The asymmetric nature may be demonstrable from experiments for certain materials. However, for these formulations the degree of non-linearity and the degree of asymmetry are both affected by the parameters. Hence independent investigation of these phenomena may be challenging. This chapter therefore presents an Ogden formulation offering more independent control of non-linearity and tension-compression asymmetry. In addition, a special case of this form is discussed enforcing tension-compression symmetry.
An alternative Ogden formulation (with an incompressibility constraint) can be composed whereby the sum of second order forms is enforced i.e.:
( . An alternative means of controlling asymmetry, which is favoured here, is obtained by introducing a weighting factor and using 1 = , 2 = (1 − ) , 1 = − 2 = , leading to:
With ∈ [0, 1], , ∈ ℝ >0
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Note that the minus signs were deliberately not cancelled out such that it is clear that through the definition of (− ) , and making use of equation 9, this can be rewritten:
This is the most general form of the proposed formulation. The principal Cauchy stress for this formulation can be written:
Here, * ( , ) is used to introduce the novel generalised strain set:
Observing Figure 4 and the particular examples: ). This is also reflected in the principal Cauchy stress expressions (see also Figure 2 ), e.g., for = 1, = 0.5, and = 0 one finds:
Where it can be seen that for = 0.5 the principal Cauchy stress is a simple function of the tension- 
Depending on the parameter the tension-compression asymmetric Seth-Hill strains or the symmetric Bazant strains can be retrieved. Dashed curves show intermediate and hybrid responses.
Typical Cauchy stress behaviour for formulations with various values is shown in Figure 2 . It can be seen that if 0 < < 1, a hybrid form is obtained featuring the sum of the behaviours due to positive and negative values. As a result, for these forms the response in tension or compression features direct tension and compression resistance. Such behaviour is illustrated by the green springs in Figure   2 . If = 0.5 is used, tension-compression symmetry is observed (black curve in Figure 2 ) owing to the properties of the strain measures ( ) .
For completeness, we now also present an unconstrained (coupled) and uncoupled variant of the form in equation 34. The former is given by:
And the principal Cauchy stresses can be evaluated from:
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An uncoupled variant of the form in equation 34 may employ the deviatoric variant of * ( , ) namely:
Leading to:
With , , ∈ ℝ >0
47
From which the principal Cauchy stresses, with = + vol , can be evaluated as: In order to capture the non-linear elastic and transversely isotropic behaviour of skeletal muscle tissue the following general strain energy density form is used:
Here G and F describe the contributions by the ground matrix and fibrous reinforcement respectively. The ground matrix is here defined by a first order variant of the proposed symmetric and unconstrained (coupled) formulation (equation 44 with = 1):
With , , ′ ∈ ℝ >0
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An unconstrained and coupled formulation is used here to ensure realistic stresses and deformations even for applications where ≠ 1 (see [44] [45] [46] ).
Fibrous reinforcement was modelled by an ellipsoidal fibre distribution (for a more detailed discussion see 47 ) . A spherical distribution of fibres is defined in a local orthonormal basis system = { 1 , 2 , 3 }, with in this case 3 the fibre direction, and 2 = 2 . In an associated spherical coordinate system, with angles (Θ, Φ), the fibre vectors can be represented as:
= cos(Θ ) sin(Φ ) 1 + sin(Θ ) sin(Φ ) 2 + cos(Φ ) 3 
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The strain energy density Ψ F for each of the fibres is defined as:
Here, F = √ • is the stretch along the fibre direction , and is the Heaviside step function ensuring tension only contributions. The material parameter controls the degree of non-linearity and the parameters ( ) vary with fibre orientation according to the ellipsoidal function:
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Here T and L are fibre material parameters (units of stress) for the transverse and longitudinal direction, respectively.
The ground matrix response has the tension-compression symmetry property G ( 1 , 2 , 3 ) = G (
), deviation from this symmetry for Ψ occurs solely due to Ψ F which contains fibrous reinforcement defined for extensional processes.
The material parameters { , , , T , L } were determined using inverse finite element 
Summary and concluding remarks
This paper discusses Ogden hyperelastic formulations in terms of tension-compression asymmetry.
Ogden hyperelasticity is presented in terms of Seth-Hill strains and it is shown how the properties of the Seth-Hill measures are reflected in the model behaviour. In addition, it is shown how the use of only positive or only negative Ogden coefficients may lead to a model where all behaviour is dictated by either tension or compressive processes respectively. In addition, these formulations exhibit a tension-compression asymmetry the degree of which cannot be separately controlled from the degree of non-linearity. A simple hybrid form is therefore proposed providing separate control over the tension-compression asymmetry. It is demonstrated how this form relates to a newly introduced generalised strain tensor class which includes both the tension-compression asymmetric Seth-Hill class and the tension-compression symmetric Bažant class. If the control parameter is set to = 0.5, a tension-compression symmetric form involving Bažant strains is obtained with the property
). The symmetric form may be desirable for the definition of ground matrix contributions allowing all deviation from the symmetry to stem solely from fibrous reinforcement.
Such an application is also presented demonstrating the use of the proposed formulation in the
Figure 5 A schematic of a muscle sample and Poisson's ratios with fibres along direction 3 (A). The experimental (dashed) and model predicted (solid) stresses for fibre (blue), and cross fibre (red) loading respectively, transparent areas reflect standard deviations (B). The deformed finite element model showing predicted final displacements (units in mm) in the X (C) and Y direction (D).
modelling of the non-linear elastic and transversely isotropic behaviour of skeletal muscle tissue in compression (the model implementation and fitting procedure have been made freely available).
Whether or not a material is tension-compression asymmetric should be demonstrable from multidirectional experiments. However, for biological tissues a limited set of experiments is often conducted, e.g. only indentation 34 , or only tension 51 , or only compression 43 . For ground matrices the exact nature, in terms of tension-compression symmetry or asymmetry, is unknown, and perhaps independent testing is not possible. Therefore, for these cases, the assumption of symmetry or asymmetry may be equally justified from this perspective. However, since the presented work allows for the independent control of the degree of asymmetry, and the formulation of a symmetric form if desired, it is more elegant than current modelling approaches whereby the tension-compression characteristics follow, somewhat arbitrarily, as a side-effect of a particular choice of constitutive parameters.
Special cases for models employing all positive or all negative Ogden coefficients are the NeoHookean models and first order Ogden formulations in general. Both are frequently used for modelling of biological tissues, the former is commonly used in ground matrix formulations 52 and the latter is popular for modelling of non-linear isotropic behaviour (e.g. skeletal muscle tissue 33 and skin 34 ). However, it is here shown that a particular choice of Ogden coefficients not only affects the degree of non-linearity but also the degree of tension-compression asymmetry.
Although this paper treats Ogden formulations, the arguments can be extended to models incorporating singular terms involving 1 ( ) only. The degree of tension-compression asymmetry present in such formulations can be made controllable in a way equivalent to that presented here, simply by also including terms involving 1 ( −1 ).
The presented hyperelastic formulations may aid researchers in independently controlling the degree of tension-compression asymmetry from the degree of non-linearity, and in the case of anisotropic materials may aid in studying the role played by, either the ground matrix, or the fibrous reinforcing structures, in generating asymmetry.
